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Introduction

Random multipole errors are introduced if the poles are improperly excited or
assembly errors which displace poles are introduced. If one can identify these
errors, one can predict the multipole content of the magnet. The means for
calculating these errors are summarized in two papers published by Klaus
Halbach. The first paper describes the derivation of the relationships, the
second computes and tabulates the coefficients used to calculate the multipole
errors from the perturbations derived in the first paper.

[1] Halbach, K., FIRST ORDER PERTURBATION EFFECTS IN IRON-DOMINATED
TWO-DIMENSIONAL SYMMETRICAL MULTIPOLES, “Nuclear Instruments and
Methods”, Volume 74 (1969) No. 1, pp. 147-164.

[2] Halbach, K., and R. Yourd, TABLES AND GRAPHS OF FIRST ORDER
PERTURBATION  EFFECTS IN  IRON-DOMINATED TWO-DIMENSIONAL
SYMMETRICAL MULTIPOLES, LBNL Internal Report, UCRL-18916, UC-34 Physics, TID
4500 (54thEd.), May 1969.
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Effect of Mechanical Fabrication Errors
on Error Multipole Content

In the previous lecture, we showed that the field distribution
in @ magnet can be characterized by a function of the
complex variable, z. In particular;

F=C,z"+) C,z"

n=N

CN Z N Fundamental field component

n
Z Cn 2" Error fields

n=N

n=(2m+1)form=1,2,3,4... Allowed harmonics —> Symmetric magnet

Non-Symmetric magnet —— n=1.23,4...
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Random Multipole Errors Due to Pole
Excitation and Pole Placement Errors

. = A excitation . = A azimuthal position
W excitation x h
£y = A radial position g, = Apole rotation (radians )

h

Y Zkuznuﬁhall Yy Rotated

Baseline \\

Position 7

Baseline

<
.

— /\ radial
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Random Multipole Errors Due to Pole
Excitation and Pole Placement Errors

( Bny + Ian j = (' gcurr ECUI’I’n
BNV @r=h

B, ~ N Ac e
B* - N n where fis the perturbed pole
N /@r=h
an - IBn n i
y _ —ing
= = WACnc-z '
Ny J@r=h
B, +iB n i
y nx _ —ing
3 = ﬁACne !
Ny @r=h

H —ing
1&gy ERdn TEp EAzn T Erat ERotn

] = (I € curr Ecurrn + ing ERdn + € az EAzn + ERot ERotn )(COS nﬂ o I Sin n/B)
@r=h

US Particle Accelerator School — Grand Rapids, Ml —June 2012



O 0O NGO UV B~ WN =S

Excitation (i)
1.99E-01
2.50E-01
1.57E-01

0
-2.05E-02
0
-1.61E-02
0
-1.90E-03
0
3.15E-03
0
-2.45E-04
0
6.69E-04

Table with errors

Quadrupole
Radial (i) Azimuthal Rotational
-4.25E-01 7.46E-02 1.76E-01
-5.16E-01 2.14E-01 5.00E-01
-2.88E-01 2.88E-01 6.60E-01
6.76E-02 2.31E-01 5.00E-01
1.08E-01 1.08E-01 1.91E-01
4.45E-02 2.87E-02 0
-1.04E-02 1.04E-02 -3.06E-02
1.28E-02 1.56E-02 0
1.25E-02 1.25E-02 7.53E-03
6.37E-03 5.81E-03 0
-2.44E-03 2.44E-03 -3.62E-03
2.66E-03 2.79E-03 0
2.27E-03 2.27E-03 9.28E-04
1.26E-03 1.23E-03 0
-5.55E-04 5.55E-04 -6.66E-04
n AC (rd) .
curr, — . = IERd
N le
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Sextupole

n Excitation (i) Radial (i) Azimuthal
1 9.79E-02  -3.14E-01  5.09E-02
2 1.56E-01  -4.95E-01  1.71E-01
3 1.67E-01  -5.15E-01  3.03E-01
4 1.33E-01  -3.90E-01  3.90E-01
5 7.09E-02  -1.73E-01  3.97E-01
6 0 6.55E-02  3.18E-01
7 -1.34E-02  1.08E-01  1.95E-01
8 -1.07E-02  9.03E-02  9.03E-02
9 0 4.16E-02  2.51E-02
10 9.13E-03  -1.93E-03  1.90E-03
11 9.72E-03  -1.45E-02  5.49E-03
12 0 1.056-02  1.31E-02
13 -1.01E-03  1.07E-02  1.36E-02
14 -1.18E-03  9.85E-03  9.85E-03
15 0 5.06E-03  4.56E-03
AC,(ad) n AC,(r)

= EAzn ~

N ¢

Rotational
8.47E-02
2.84E-01
5.00E-01
6.39E-01
6.43E-01
5.00E-01
2.88E-01
1.08E-01

0
-3.38E-02
-2.05E-02

0
7.34E-03
5.82E-03

0

ERotn



Example

Suppose we construct a 35 mm radius quadrupole (N=2) whose first pole (B=m/4) is
radially offset by 1 mm. What is the effect on the n=3 multipole error?

B curr —curr,
Ny

B, +iIB
y nx - - P
@r=h

B,, +iB, : o _ Aazimuthal position 1
— = - (lngERdn )(cos ng—isinng) €rg = h T35
BZV @r=h
B
%y — (i (—O.288)Jsin 3% - 582.10°°
B., +iB By @r=35 3 4
+i .
9y P8 _ [i i(—0.288)j(cos3£ _isin3%)- (Normal term)
BZY @r=35 35 4 4 B 1
3 —| = (~0.288) |cos3% = +5.82.10°
B 35 4
2y J@r=35
- (Skew term)
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Evaluation at the Required
Good Field Radius

Assume that the good field radius is r,=30 mm

B 3-2
(ﬂj _ (EJ (@j __4.99.10°
Bzy @r=30 By @r=35 35



Full Spectrum
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Lesson to be learned...

The lesson from this sample calculation is not the detailed calculation of the
multipole error, but the estimate of the mechanical assembly tolerances which
must be met in order to achieve a required field quality.

In general, the coefficient is <0.5. Therefore in order to achieve a field error at the

pole radius of 5 parts in 10000 (a typical multipole error tolerance), the following
tolerance illustrated in the calculation must be maintained.

*

Bi‘ =Ex A A< h BQ
BN h = N Irequired
35

A< ES .10~ =0.035mm Very small error!
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nics (Xm")

MNermalized harmol

The Magnet Center

We note that all the multipole errors are
introduced by mechanical assembly errors. In
particular, we look in detail at the dipole error
term introduced by assembly errors.

For the pure quadrupole field, the expression
for the complex function is; F(z)=C,z°

If the magnet center 1s shifted by an amount Az,

 the expression becomes; F(z)=C,(z+Az)’

B"=iF (z) . .
B =12C,z+12C,Az
B =iF(z)=i2C,(z+ Az) /‘ ’\

Quadrupole term Dipole term
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Rewriting the expression as the sum of two fields;

B" =B, +B, =i2C,z+i2C,(Ax +iAy)

*

B, =B, —iB,, =i2C,(Ax+iAy)

B, —iB, i2C,(Ax+iAy)
B}  2C,[

B,

Evaluating the quadrupole field at the pole radius, h;

B,—iB, _ B, _. By _ilax+iay) .ax_ay
E;

B; B; h h h

‘ *

‘ *

@h @h @h

le
B

Byy Ay = —h

AX =-h
B,|

h h
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Bl}r

!

—Ax
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Effect of a Pole Excitation Error on the
Magnetic Center

The magnetic center is an important parameter for linear colliders. The
requirement for the magnetic center for the ILC linac quadrupoles is 100um.

A sample calculation is made to compute the required pole excitation precision.

(:5) ( Eurr curr k i Ecurrn =0.199 forn=1
N /@r=h

_ Aexcitation
Seurr — c .-
excitation

B: ing
(B* j@r_h ( Eeurr curr k ~

suppose 1% error on the excitation of one pole ¢, =0.01

N Hly Hly
- M, 0.0014 AX=-h =-0.0014h
1VB “J = i0.0l-O.lQQ(cos%—isin%)« ' — ‘Hz‘h
2y = HlX —
or-r o - 00014 Ay = _h_‘ H, - ~0.0014h
_ 2
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The Four Piece Magnet Yoke

The 1deal assembly satisfies the rotational
symmetry requirements so that the only error
multipoles are allowed multipoles, n=6, 10, 14...

However, each segment can be assembled with
errors with three kinematic motions, x, y and ¢
(rotation).

Thus, combining the possible errors of the three
segments with respect to the datum segment, the
core assembly can be assembled with errors with
3x3x3=27 degrees of freedom.
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The Two Piece Magnet Yoke

This assembly has the advantage that the two
core halves can be assembled with only three
degrees of freedom for assembly errors. Thus,
assembly errors are more easily measured and
controlled
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Two Piece Asymmetric Quadrupole

Al= [H.d
path

- <Al/2 + AA IH'dI
‘g ‘: path

+] 2 R+AL/2
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Two Piece Asymmetric Quadrupole

(Bny + ianj B
BNY @r=h

B,, +1B,,

_ (i —ing
B J - (I gcurr Ecurrn k
Ny @r=h

B +iB —inZ 3% _in2” _in!® L&
= =|-e “-e “+e “+e * i2E
B 2 curr,
Ny @r=h

( B,, +iB,, J B
By @r=h

( B,, +iB,, J _
BNV @r=h

T .. T 3r .. 3«
—Cosnz+|smn——cosn—+|5|nn—

&
I_aECUIT
T .. br fr .. Ir| 2 "
+cosn7—|smn—+cosn——|smn—
i T . T . 3r . 3rx
—l1cosn—-siInn—-—I1cosn——SsInn—-
4 E,
7 ?Ecurrn

) 5 . brx . T .
+|cosn7+smn—+|cosn—+smn—
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Two Piece Asymmetric Quadrupole

B n Asymmetry
& :(—sin 07 —sinn>Z +sinn >~ +sin nﬁji E.. 1 -281E01
Ny ) 4 4 4 4 )2 " 2 0

@r=h 3 -2.22801
4 0
B, T 3 S r)e, 5 -2.90E-02
=| —cosn=—cosn—— £cosn—+cosn— |2 E_ 6 0
4 4 4 )2 "
NY ) @r=h 7 228602
8 0
9 269603
0 10 0
11 -4.45E-03
12 0
13 -3.46E-04
14 0
15  9.46E-04
16 0
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Differences in Lengths of the
Upper and Lower Halves

-1+Al/2
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Differences in Lengths of the

Upper and Lower Halves
[Bny+ianj e, B k™
By, orch e e

B +iB e -t g “in3% L& “in2” L& _in!®

Y= =|+ime ‘-ite *-ite ‘+ie ‘4 |E,,

B.. 2 2 2 2
@r=h

B +iB -inZ _in3Z _in2” _in!® L&
RE— =|+e ‘-e “*-e “‘+e *|iIZE
B 2 curr,
Ny @r=h

T .. T 3r .. 3r
i +cosn=—isinn=—cosn—+isinn—

Bny—'_Ian _ 4 4 4 IﬂE
BNy 5z . . br Tr .. T | 2 ©"
@r=h | —cosn—+isinn—+cosn——isinn—

4 4 4 4
+icosn£+sinnz—icosnB—ﬁ—sinnS—ﬂ
B, +1B, _ 4 4 4 4 &g
BNy i 5 . 5r . = . Trxl2 ™
@r=h | —jcosn——sinn—+icosn— +sinn—
4 4 4 4
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Differences in Lengths of the

Upper and Lower Halves

Bny ( . T . 3 . o . 77[ng
=[+SINNh—-=SINN =SINN—+SINnN—— _Ecurr
- 4 4 4 )2 "

Ny
0
B, ( T 3r 57 7%)8,
=| +cosn=—cosn>=—cosn—+cosh— |2 E__
W s 4 4 4 4 )2 n
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B R R R R R R
O Ul A WN R O

Different
length (i)
2.81E-01
0
-2.22E-01
0
2.90E-02
0
-2.28E-02
0
-2.69E-03
0
-4.45E-03
0
3.46E-04
0
9.46E-04
0
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Two Piece Quadrupole Errors

AN

X
/Z K\’ N
& h=pole radius
N

1l
3'?2

<
Il
=2 |fz’
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Two Piece Quadrupole Errors

n Asymmetry AL (i) AX (i) AY Rot
1 -2.81E-01 2.81E-01 0 0 2.49E-01
2 0 0 0.302 -7.30E-01 0
3 -2.22E-01 -2.22E-01 0 0 -9.33E-01
4 0 0 -9.56E-02 -3.27E-01 0
5 -2.90E-02 2.90E-02 0 0 -2.70E-01
6 0 0 -4.06E-02 -6.29E-02 0
7 -2.28E-02 -2.28E-02 0 0 -4.33E-02
8 0 0 1.81E-02 2.20E-02 0
9 2.69E-03 -2.69E-03 0 0 1.06E-02
10 0 0 8.22E-03 9.01E-03 0
11 -4.45E-03 -4.45E-03 0 0 5.12E-03
12 0 0 -3.77E-03 3.94E-03 0
13 -3.46E-04 3.46E-04 0 0 -1.31E-03
14 0 0 -1.74E-03 -1.78E-03 0
15 9.46E-04 9.46E-04 0 0 -9.41E-04
16 0 0 8.14E-04 8.23E-04 0
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Examples: Alba SR-Quadrupoles

CX OoC Ol
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External field

LT LHTHT




Gradient Uniformity

AG/Go

0.0015 |
- CX
0.0010 -0
0.0005 \\ / ?ﬂ\
ﬂ\ \“*M—u- aons .,.«r:"ﬁ»’/ ’\\\\
0.0000 ]/ \\
-0.0005 / \
-0.0010 / \X
-0.0015
-30 -25 -20 -15 -0 -5 0O 5 10 15 20 25 30
X (Mmm)

US Particle Accelerator School — Grand Rapids, Ml —June 2012

27



Magnetic Material Spacers

OC Ol

US Particle Accelerator School — Grand Rapids, Ml —June 2012

28



Gradient Uniformity

AG/Go

0.0015

0.0010

0.0005

0.0000

-0.0005

-0.0010

-0.0015

- CX

i~ \\ - OC Mag
f h - Ol Mag

'/ IR

\\\

|

\

|

-30 -25 -20 -15 -10 -5 O 5 10 15 20 25 30

X (mm)
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Solutions

Magnetic Material Spacers
with the same thickness
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Gradient Uniformity

AG/Go

0.0015

0.0010

0.0005

0.0000

-0.0005

-0.0010

-0.0015

-~ CX
-~ OI-ALT

|

-30 -256 -20 -15 -10 -5 O 5 10 15 20 25 30
X (mm)

US Particle Accelerator School — Grand Rapids, Ml —June 2012

31



Magnetic Base

Quadrupole Sextupole
. . . iron feet + air space . . . iron feet + air space
reference| iron feet |iron feet + air space . n |reference| iron feet |iron feet + air space )
+ contact points + contact points
1 0 0 0 0 1 0 -1 0 0
2 10000 10000 10000 10000 2 0 0 0 0
3 0 0 0 0 3 10000 10000 10000 10000
4 0.0 0.8 0.0 0.4 4 0 0 0 0
5 0 0 0 0 5 0 0 0 0
6 3 3 3 3 6 0 0 0 0
7 0 0 0 0 7 0 0 0 0
8 0 0 0 0 8 0 0 0 0
9 0 0 0 0 9 -2 -2 -2 2
10 -1 -1 -1 -1 10 0 0 0 0
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Sextupole Trim Coils

L
2

n Excitation (i)
1 9.79E-02
2 1.56E-01
3 1.67E-01
4 1.33E-01
5 7.09E-02
6 0.00E+00
7 -1.34E-02
8 -1.07E-02
9 0.00E+00
10 9.13E-03
11 9.72E-03
12 0.00E+00
13 -1.01E-03
14 -1.18E-03
15 0.00E+00

B, +iB,,

= (i Ecurr Ecurr, )(cos ng—isinng)
By,

@r=h
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Vertical Corrector

B,, +1B,, : - cosnZ —isinnZ —cosn>Z +isinnZ
yB = (Igcurr Ecurr,, )(COS ng—isin nﬂ) Bny + ian _ (iE 6 6 6 6
Vo e B, T .. Tx Uz .
v Jar=h —C0SN— —isinn— +CcoSN=—— —isinn——
6 6 6 6

B, ( ( T T Tz llﬂ'j
=(E,,, | cosn=—cosf=——cosn— +cosn—
orh " 6 6 6 6

_|C ] B,
— ¢ 0
D E—
:: n Bnx/B3y
< 1 0.3391
2 0
- I I + I c 3 0
4 0
5 -0.2456
6 0
7 0.0464
8 0
B, . . 57 . Izx . llx 9 0
[B—J :(ECurrn (—sm n€+sm n?+sm ”F‘S'” n?j 70 o
3 J@r=n 11 0.0337
12 0
13 -0.0035
14 0
15 0
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Horizontal Corrector

B

Ny

B, +IB : . :
L AL =(|gcu,rEcur,)(cosn,B—lsmn,B) B, +iB,, _ T .. 3r .. 3r
" —_— =(|2ECurr cosn——isinn—-cosn—-+Isinn—

@r=h BNy aroh n 2 2 2 2

B,, +1B . T . T . 3r . 3«
. — :(2E IcoSsn—+sSInn——1cosn——Sinn—
+2I Currn 2 2 2

@r=h

By, 2

Bu = (2 E... | cosn 2 Leosn sz
B,, n 2
@r=h

O Bny/B3y
0.3916

c

-0.6680

0.2836

0.0536

B
{ ”V} :(2ECurrn (+sin nZ —sin n3—ﬂ]
Bay )y 2 2

R
N B LNV AWNIRS
(@]

-0.0389

=
N
o

-0.0040

[ = =Y
v bW
o O
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Skew Quadrupole Corrector

I I
+l,
-

+l
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Skew Quadrupole Corrector

B. +iIB
[ nyB nXJ :( EaureEaury )(cosn,B—lsmn,B) M —(iE cosnz—isinn£+cosn3—7[—isinn3—7Z
v e By )y, " 2 2 2 2
B, +IB 3 3z
L A—LS = ECurr |cosn—+smn—+|cosn—+smn—
+IC BNy 2 2

B,y
- Eeure | SINNZ cosn—
3y @r=h

n Bnx/B3y
1 0
2 -0.3120
3 0
4 0.2660
+ I (o 5 0
B 3 - -
—m :(ECurr (icosnzﬂcosn—”j 7 0
By, n 2 2 8 0.0214
@r=h 9 0
10 0.0183
11 0
12 0
13 0
14 0.0024
15 0
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Sextupole Trim Coils

Skew
quad
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Fermilab Booster Corrector

e \Vertical dipole

* Horizontal dipole

* Normal Quadrupole

e Skew Quadrupole

* Normal Sextupole

e Skew Sextupole
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Fermilab Booster Corrector

US Particle Accelerator School — Grand Rapids, Ml —June 2012

40



Fermilab Booster Corrector
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Fermilab Booster Corrector
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Summary

In many ways, this is one of the most important
lectures. It is important to understand the chapter on
perturbations since successfully translating the
performance of the mathematical design to the
magnets manufactured and installed in a synchrotron
requires that mechanical manufacturing and assembly
errors translates into field errors which can threaten the
performance of the synchrotron.

Understanding the impact of mechanical fabrication
and assembly errors on the magnet performance and
thus, the physics impacts of these errors, can provide
the understanding so that mechanical tolerances can be
properly assigned.
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Next...

* Magnet Excitation
* Jron saturation effects

* Coil design
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